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to deduce Green-Schwarz type IIB superstring action for [p, g)-strings directly from 
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{p, g)-string. 
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1 Introduction 



The supermembrane in eleven dimensions [1] is expected to play an important role to 
understand the fundamental degrees of freedom in M-theory. In fact, it was shown that 
the wrapped supermembrane in a 5'^-compactified eleven dimensions is related to the 
type IIA superstring in ten dimensions by means of the double dimensional reduction [2]. 
Meanwhile type IIB superstring is related to type llA superstring via T-duality, or the 
type llA superstring on MP x S'^ leads to the type IIB superstring on ]R^° in the shrinking 
limit of the S^. Accordingly, the supermembrane wrapped on a vanishing 2-torus is 
reduced to the type IIB superstring in ten dimensions. 

The transformation rule for the NSNS fields under T-duality in type II superstring 
theory is given in the sigma-model with (at least) one isometry direction, which is the well- 
known Buscher's rule [3]. The generalized Buschcr's rule, which is the transformation 
rule under T-duality not only for the NSNS fields but also for the RR fields in type 
II superstring, was derived at the level of the low energy effective action of type II 
string theory [4, 5]. In addition, the generalized Buschcr's rule was also derived for the 
type 11 Green-Schwarz superstring action [6] which is obtained by means of the double 
dimensional reduction of the wrapped supermembrane up to quadratic order in the anti- 
commuting superspace coordinates [7]. 

It is well-known that at low-energy level the type IIB superstring theory has a duality 
group of S'L(2,R) which is broken down to S'L(2,Z) by the quantum effect. Schwarz 
showed an SL{2, Z) family of string solutions in type IIB supergravity [8], which couples 
to both the NSNS and the RR background fields. The (p, g)-string [8, 9] is considered to 
be the bound state of fundamental strings (F-strings) and Dl-branes (D-strings) in type 
IIB superstring theory. Then, 5'L(2, Z)-covariant string actions were proposed [10, 11]. 
Meanwhile, the supermembrane which is wrapping p-times around one of the two compact 
directions and g-times around the other direction gives a {p, g) -string, however the direct 
derivation of the action was not given. Recently the bosonic sector of the type IIB 
Green-Schwarz superstring action for {p, g)-string was derived directly from the wrapped 
supermembrane action on a 2-torus [12]. 

In this paper we shall proceed to the analysis with the anti-commuting superspace 
coordinates being recovered. We use the normal coordinates in the superfield formulation 
[13, 14] of the supermembrane in a supergravity background. We consider a supermem- 
brane wrapped around non-trivial two cycles on a 2-torus. In fact, the action is expanded 
with respect to the anti-commuting coordinates 9 up to quadratic order [7] . We shall take 
the shrinking volume limit of the 2-torus to approach type IIB superstring theory along 
the line of Ref. [6]. Then, we deduce {p, g)-strings in type IIB superstring theory from the 
wrapped supermembrane in the limit. We shall see that the string carries p-times the 
unit NSNS 2-form charge and g-times the unit RR 2-form charge as well, which indicates 
that the deduced string is, in fact, a (p, g)-string in type IIB superstring theory. 

The plan of this paper is as follows. In the next section, we set up the supermembrane 
compactified on up to quadratic order in 6. In section 3 we shall carefully rewrite the 
eleven- dimensional supergravity background fields compactified on a 2-torus and consider 
the double dimensional reduction along an oblique direction of the 2-torus. In section 
4, we consider the T-dual of the derived superstring action along the other compact 
direction of the 2-torus to deduce the action of (p, g)-strings. The final section contains 
some discussion. 



2 Super membrane in 11-dimensional superspace 

The action of a supermembrane coupled to an eleven-dimensional supergravity back- 
ground is given by [1] 



S ^ T J da' da'da 



(2.1) 



where T is the tension of supermembrane/ Cj^f}p{Z) is the super three-form, 

ti.^ = {d^Z^') , (2.2) 

Tij {hj = 0, 1, 2) is the worldvolume metric, 7 = det7jj, the target space is a superman- 
ifold with the superspace coordinates Z^ = {X^, e") (M = 0, • • • , 10, a = 1, • • • , 32). 
Furthermore, with the tangent superspace index A — {A, a), is the supervielbein 
and 'qAB is the tangent space metric in eleven dimensions. The mass dimensions of the 
worldvolume parameters o"* and the eleven-dimensional background fields {Gmni Cmnp) 
are 0, while that of the worldvolume metric 7^-- is —2. Note that the variation w.r.t. 7^-- 
yields the induced metric 

^■■^fl^UfriAB, (2.3) 
and plugging it back into the original action leads to the Nambu-Goto form 

S^T jda'pda'da' det {tl^Ilf tjab) - ^ d-.Z^ d-.Z^ d-^Z^C p^^^ 

■(2.4) 

In fact, it is convenient to work in the Nambu-Goto action when we carry out the double 
dimensional reduction in the next section. Note that the action (2.4) has a fermionic 
gauge symmetry, or the ^-symmetry 

= , d.Z'^E^ = (1 + tK)\ , (2.5) 

where 

f;^ = ^ ^ ] , e^^'^n/fX-.^n.^f , OA , (2.6) 

6 det 7- ^ J k ABC^ y J 

is the induced metric (2.3) and the parameter «; is a 32-component spacetime Majo- 
rana spinor and a worldvolume scalar. In fact, the ^-symmetry exists provided that the 
background supcrgeometry is constrained [1], which is equivalent to the on-shell D=ll 
supergravity background [15] 

The supervielbein and the super three-form are explicitly given to 0{6') in the 
fermionic coordinates [7]. Setting the fermionic background fields to zero, we have^ 

E^^e^ + ier^CiMO, E^^iCiMer, 4^ = -z(^r^)«, 4« = 5« + m/, (2.7) 



^The eleven-dimensional Planck length In is defined by T = (27r) ^lii- 
"^M^ is of 0{6'^), however, the explicit form is not used in our analysis. 



and^ 



CmNP — AmNP + 3i9T[MN^P]0 , CmNu — —i'{dV MN)a , 



where 



n 



M 



Tm — 



288 



(2.9) 
(2.10) 



Cj^f is the eleven- dimensional bosonic vielbein (elfcein) and hence G/ua' = '^m'^nVab-, 
Amnp is the bosonic three- form and its field strength Fmnpq = 4:d[M^NPQ], is the 
gamma matrix in eleven dimensions,^ 6 = ^6 C = ^OT^, r^j^2---A„ = ^[Ai^A2'''^An], 
Tm = Gf^TA, and u}^^ is the torsion free spin connection 



A AB _ -[A\N\(f) c; B] o ^ B]^ 1 '[AlATUSlP/n - C a - 

[Om^n ~ '^n^m )~2 V^N^p — Opep4 )eMC ■ 



It is helpful to define the objects with the tangent space indices as follows 



BC _ ^ M BC 
^A — ^A J 



FABCD = el'e^''erfe;fF^ 



-A ^B ^MNPQ 



(2.11) 



(2.12) 



where e^^ is the inverse of Cj^f. In fact, it is easy to work with the tangent space indices 
rather than with the target space indices when we calculate the component field expansion 
to quadratic order in 9. Consequently, the supermembrane action in ^^-order is given by^ 



S = 



where 



T 
T 



1 



detG..--6'^^C^.. 



kji 



detG..e{i-rM2TDi0 



(2.13) 



^M2 



ijk "-""^-L [ij k] 
ijk ^i^^ j k^ 



d-X^d-X'' Gmn , = d-X'^d-X^d'^XPAuNP , 



d-X'^TM , 
djX^ilM ■ 



6 ^-detG.. 



r = G'^r. , 
Di = d. + n^, 



ijk 



(2.14) 

(2.15) 
(2.16) 
(2.17) 

(2.18) 



■^Symmetrization [*•••*] and anti-symmctrization (*•••*) of the indices are made with unit weight, 
^[M-Bjv] = {1/2){AmBn — AnBm), etc. (see Appendix A). 

^The gamma matrices satisfy {Ta,^b} = ^Vab and the Dirac conjugate for a general spinor tp is 

^ = i,/,tro. 

^Note that the fermionic coordinate y in Ref.[16] corresponds to —i\f2Q. 



3 Double dimensional reduction 



We consider a wrapped supermembrane action compactified on a 2-torus. We shall take 
the shrinking limit of the 2-torus, or make the double dimensional reduction[2], and 
perform the T-dual transformation to deduce the (p, g)-string action directly from the 
supermembrane action (2.1) or (2.4). We take the 10th and 9th directions to compactify 
on T^, whose radii are Li and L2, respectively. In taking the shrinking volume limit of 
the 2-torus, we keep the ratio of the radii finite, or fix the moduli of T^, 

^,= ^: finite. (Li,L2^0) (3.1) 

Considering the line element on the 2-torus 

= dX'^dX" = - ^^^) {dXy + Gioio (dX'' + ^dX') ' , (3.2) 

where u,v — 9, 10, we shall impose that the target space coordinates satisfy the following 
boundary conditions [12] 

^/^^oX''^{a\a^ + 27^) = 27rwiLip + y^^X^O(a\ a^) , 



(Cgio)^ 9. 1 2 , o ^ o r I //^ (G^9io)^ 
— X^'^a ,a +2ti) = 27iwiL2q + \ Gqq z 

(jioio V Giolo 



'G,,-^^^X'(a' + 2n,a') = 2nw2L2S + J G,, - X'(a\a') , (3.3) 

Gioio V Gioio 



where^ 

pr + qs = 0, ps~qr = nc>0, {p.q.r, s e Z, Wi e N\{0} , W2 e Z\{0}) (3.4) 

and GioiO) ^^99 and G910 stand for the asymptotic constant values of the metric.^ Eq.(3.3) 
can be written by 

X^\a\a^) = Riiwipa^ + W2ra^) + Y\a\a^), 
X''{a\a^) = R2{wiqa^ + W2sa^)+Y\a\a^), (3.5) 

with 

Y^{a^ + 2n, a^) = Y^{a\ + 2n) = Y^{a\ a^) , (^ = 1, 2) (3.6) 

and^ L L 

Ri = I } 1 R2 = — , ^ . == • (3.7) 



Gioi 



^We may assume ric > and wi > without loss of generality since we can flip the signs of {p, q) — > 
(— p, —q) (for wi) and (r, s) — > (— r, —s) (for ric) if necessary. Furthermore, we can see that eq.(3.4) leads 
to (r, s) = n{—q,p) [n G N). 

''Precisely speaking, G^v {u,v = 9, 10) should satisfy diGuv = and (3.10) as well. 

^Wc shall sec Ri = Li e"^"^"/^ from cq.(C.l) where (fiQ is the asymptotic value of the type IIA 
dilaton background and hence M/IIA-relation, or lld/IIA-SUGRA-relation, leads to i?i = ^\^ (the 
eleven-dimensional Planck length). 



The other fields satisfy the periodic boundary conditions, X'^((t^ + 27r, cr^) = X^{a^, a"^ + 
27r) = X'^{a^,a'^), etc.. The above expressions represent that the supermembrane is 
wrapping Wip-times around one of the two compact directions (the X^°-direction) and 
Wig-times around the other direction (the X^-direction) , or wi-times around (p, g)-cycle 
along the u^-direction on the worldsheet. And it is also wrapping ■u;2-times around (r, s)- 
cycle along the cr^ -direction. These two cycles are orthogonal to each other and intersect 
at least once. Thus, this wrapped supermembrane is expected to give the {p, g)-string 
[8, 12]. In fact, we shall see below that the (p, g)-string comes out through the double 
dimensional reduction. 

Now that we shall adopt the double dimensional reduction technique [2] to deduce 
(p, 5)-strings. First we determine the spacetime direction to be aligned with one of the 
worldvohime coordinate, or we fix the gauge. We define and X^ by an SO (2) rotation 
of the target space, 

^ = 0{p,q) ( ^9 ) ' ^^'^^ 



Xy 



where 



By using the relations between the eleven-dimensional supergravity fields and the 5"^- 
compactified type IIB ones [4, 5] , we have 



1^ (G9io)^ 

Giolo _ 



Giolo „— 1 2 



r ' A (3-10) 

where (p is the type IIB dilaton background and ipo is its asymptotic constant value. 
Thus, eq.(3.10) leads to 

Ri^R2 = Rb. (3.11) 



Then we have 



X' = wiCp,RBa^+pY\a') + qY\a'), 

^ ^!^lJ^^i_^Y\a^)+pY\a^). (3.12) 



Cpq 



The target space metric and the background 3-form field are transformed under the SO (2) 
rotation in eq.(3.8) as (M, N, P,Q = 0,1,2, ■■■ ,8, y, z) 

~ _ dX^ dX^ I _ ^ dX^ dX^ dX^ 
^mn-Gmn^^, ^mnp-Amnp^^^. (3.13) 

In addition, we shall define the objects in the rotated coordinate system as follows 

-^M , i'MNPQ-^M ^ ABCD ■ i3.i4j 



Let us choose the Kaluza-Klein condition for the target space metric and the bosonic 
vielbein in the rotated coordinate system. A suitable choice is (/i, i> = 0, 1, • • • , 8, y and 



//,i/ = 0, l,---,8) 



^MN — 



1 



Qyy + 

Gvz 



1 



yz 



9yy 



G 



and 



e 3 



M 



63 







2/2 







Gyz 

Gzz ) 



(3.15) 



(3.16) 



where e^^ and ^^jj are the vielbein (zehnbein) and the target space metric in ten di- 
mensions, respectively, A^^ is a Kaluza-Klein vector field and is a scalar field which is 
reduced to the type IIA dilaton in the case of (p, g) = (1, 0) in eq.(3.9). 

Eq.(3.16) implies that the spinor Q should be rescaled by e~'^l^ in ten dimensions, 
which is understood as follows. The gamma matrices in eleven dimensions are split into 
the ten-dimensional gamma matrices and the rest, {F^} = {F^^, Fio}. Let us consider 
the supersymmetry transformation, bX^ — ieV^Q — ie^eV^Q^ 69 — e. Then, we 
have SX^ = ie^eT^O = ie'^/^e/' eV^d, 59 — e. Once we impose that the form of the 
transformation in eleven dimensions is preserved in ten dimensions, we should rescale the 



Major ana spinor s 6 ^ e 'i'l^ 9 and e — >■ e 
objects in ten dimensions 



.</,/6 



e . In addition, we also define the following 



and these are related to {^m} — {J^/i, ^z} in eq.(3.14) as 



(3.17) 



10 



(3.18) 

The supervielbein analog of the Kaluza-Klein condition (3.16) is given by (m = {jl, a)) 



M 



E- 
E. 



E-"- E- 



10 



E 



10 



m 





which implies 



, 9rn,9 = . ( 9r^nw9 = o ) 



Now we shall make a (partial) gauge choice of (cf. Ref. 



X' 



LiWic 



pq ^2 



Cpq cr , 



(3.19) 



(3.20) 



(3.21) 



a/Gioio 

or the X^-direction is aligned with one of the space direction cx^ of the worldvolume. 
Then the dimensional reduction is achieved by imposing the following conditions on the 
target superspace coordinates and the background fields, 

d 



0, 



Q-^z ^MNP - ^ ■ 



(3.22) 
(3.23) 



Thus the induced metric on the worldvolume is given by [2] (i, j = 0, 1) 



/2 



(3.24) 



where 



and (up to quadratic order in 9 with the fermionic background fields being zero)' 



(3.25) 



~ i 

$3 



EJ = $^i/ = _eli(^r)a, 



diZ^Er,' = d,X> 



1 + ^ ^Fiol^io^) + i^rii^^} + i^r^i^ . (3.26) 



We have 



^-det7- -det-fij 



(3.27) 



Thus, by the double dimensional reduction of eqs.(3.21)-(3.23), the supermembrane action 
(2.4) is reduced to 



Sddr = SttT 



■ det G,- 



- e 



where 

Bi,- = A,- - 4 - 2i^r[,ri°a,]^ , 

the indices i, j of ^y, Qij, etc. mean 

= diX'^djX'~g-^^ , Q,, = d,X%X^Q;,, , r, = diX%'T, , etc. 

and 



(3.28) 



(3.29) 
(3.30) 



(3.31) 



Qrs = ivrsO^w^w + 2i^r(^.fis)e , p^s = -i^r^^^^iio^ - 2ieViQV^fns\e . (3.32) 

This reduced action (3.28) naturally inherits /t-symmetry [2]. In fact, eq.(2.5) leads to the 
transformation law which leaves the action (3.28) of order up to quadratic in 9 invariant 



(3.33) 



^Note that we have taken the rescaling oiO, 6 ^ e '^/^ 9. 



where stands for a general field of supergravity background and 

2 y/-detgij 



(3.34) 



Similarly, the SUSY transformation, which leaves the action (3.28) invariant, is given by 
5^9 ^e, SeX^^ieTi^e, S^^bg ^ S^X^^d^^bg ■ (3.35) 

By introducing the worldsheet metric 7^-, eq.(3.28) can be rewritten in the Polyakov 
form as usual 



pq 







7f ^ (diX^djX'^Ejj,, + 2diX''gji,) 



+ e'^idiX^X^B-^o - '2diX%~^) 



where 



P, 



fii/ -I 



(3.36) 



(3.37) 



are the super metric and the super 2-form, respectively, and 



(3.38) 



As was pointed out in [2], this action (3.36) has conformal invariance. When we con- 
sider the T-dual transformation between type IIA/IIB superstring theories, it is, in fact, 
convenient to work with the action of the Polyakov type. Eq.(3.36) can be written by 



Sddr ■ 

where^° 



da' a 



pq 



-V-'ff'diX''djX''Gfio + €''diX''djX''Mf,i, 



(3.39) 



(3.40) 



We shall give Qf^ and Pf.^ in cq.(3.32) more explicitly with the background fields. As 
we noted, it is easy to work out with the tangent space indices rather than with the target 
space indices. Hence we shall calculate the decomposition of the 4-form field strength 
Fabcd and the spin connection Lb^'~^ in eq.(3.14) under the Kaluza-Klein condition (3.16). 
The decomposition of the 4-form field strength 



{Fabcd] - {%siu^ Frsiw) > 



(3.41) 



IS 



^ rstu ^ « f^'^P'^ ~ " 

where 



fll/pcr 



livpcr 



F ' 

rstu ' rstlO 



eh^iriy^i^m = ^^^H,,i, (3.42) 



flUpZ • 



(3.43) 



^°It is understood that dp,0 is always associated with diX^ in the action to make it a derivative term 
w.r.t. a worldsheet coordinate, di6. 



Similarly, the spin connection 

r,-, BC'i _ r St slO fs rlOl 
1*^^ J - i^f ^^f > ^10 > ^10 / > 

is given by 



(3.44) 



a;, 



(3.45) 



where cD^* = efTujjf , is the torsion free spin connection, which is made of ^ and 



(3.46) 



is the field strength of the Kaluza-Klein vector field in eq.(3.16). 

Then, {VIa} = {0^,^10} in eq.(2.12) is calculated explicitly by using (3.42), (3.45) 
and (3.46), and hence we have (cf. Appendix B) 



Qfs 


— Qfs Qfs "1" 


Z — ~" 1 — 

- s^-^9iT^/''9jH^^f^ + - 6'7r(^.r|^-|6'/a;|)" 


rs 


- p(2) _ p(4) , 
fs fs ' 




Gif 















1 = s- 


- + 1 = s- 




f _ 


0, 




Q^ = 


2n\ 






J. j-j^ 


•••r„ ) 


(n = 2,4) 


p(") _ 

fs 


— 
2n! 






F- 

± rj. 


■■rn ) 


(n = 2,4) 



and 9± are the 16-component positive and negative chiral spinors, respectively 

9±^T^9, r± = ^(i±rio). 

Then, eq.(3.28) can also be written by (see section D) 
Smt — 27rr / d^(T C, 



where g = det gij and 



P< 



(-) 



1 



2V 2^/=^ 
1 1/1 



.2!^ ^ 4! 
H,rs = diX%'Ht,,, Fi^dX^r^, r^g'%. 



prsplO fV 
i i J^ifs 1 



(3.47) 



(3.48) 



(3.49) 



(3.50) 



(3.51) 

(3.52) 

(3.53) 
(3.54) 



4 (p, g)-string from wrapped supermembrane 



In this section wc derive the {p, g)-string action from the reduced supermembrane action 
in eq.(3.36). The action has an abehan isometry associated with the other compactified 
X^-direction, and we can make a dual transformation as is the case with sigma models. 
Introducing a variable X^, which will be seen to be dual to X'^, eq.(3.36) (or (3.39)) can 
be rewritten in a classically equivalent form 



27rr 



pq 



(4.1) 



since the variation w.r.t. leads to e^WiEj = or Ej — djX^ and hence eq.(3.36) can 
be reproduced. On the other hand, assuming that all the fields are independent of Ej 
(or X^), the variation w.r.t. Sj leads to 



kj 



- {d,x^M^y - dkX') - ^ d.X^^ 

-7 (br„ 



(4.2) 



"yy 



Plugging eq.(4.2) into eq.(4.1) we have 

Sddr = Y' j ^'^^ j ^'^^^Pl 

ottT r r , 

- e'^{d,X!^djX'B'^, - 2d,X!^B'J 



(4.3) 



where we have defined X^ — {X_^,X^) — {Xi^^X^) and the ten-dimensional dual fields 



TK' — . 



'"yy'^f^y ) 



1/ 

"99 



1-1 

"yy ' 



(4.4) 



or 



B' = 



g' 



B'- 



E + E~^(B B -EE) 

^ixv ~ J-iyy yJ-'ixyJ-'vy ^ixy-^uyj i 

BjXV — Eyy (^B^yEyy — BjyyE^y^ , 
Gj^l + Eyy (Bfj^yBjy — E^yQjy) , 
Bj^ + E {B^yQjy — BjyE^y) , 



-^^9 ^ 


p— 1 S 
^yy ^i^y 




^E-y^^y 


= 


— Eyy Bjy , 


E' - 
"i9 - 


~^yy ^jy ■ 



Kg — 



-1 
yy 



(4.5) 



4.1 ^^-order action 

The ^"-order part of eq.(4.4) is given by 

d^u — 9lJ,v + Qyy i^ny-^uy — dfiydvy) , S'^g = ~9yy ^ny ) ^99 ~ ^i 



^'nu — ^Hi^ '^9yy^ln\y\9v]y , 



A' — 
^H9 — 



'9yy 9ny 



''yy 



(4.6) 



^^We assume that the background fields are independent of in eq.(4.1). 



Note that in the case of {p,q) — (1,0) in eq.(3.9), eq.(4.6) is reduced to the ordinary 
Buscher's T-dual rule for the NSNS sector [3] . However, since we have rotated the target 
space coordinates in eq.(3.8) by the S0(2) matrix in eq.(3.9), the T-dual transformation 
rule (4.6) of order zero in 9 includes not only the NSNS fields but also the RR fields, or 
the RR 2-form, which will been seen below. 

Now that we consider T-dual for the background fields in eq.(3.36) (or eq.(4.3)). 
Since we regard {not X^) as the 11th direction, we should take T-dual along the 
X^-direction (not X^-direction) to transform type llA superstring theory to type IIB 
superstring theory. Then we can rewrite the background fields in terms of those of the 
type IIB supergravity as follows (cf. Appendix C),^^ 



J99 



9ny 
9yy 



TDipg) 

1 



^m) j99 



^-^9[m M9 
J99 



4,.(=49io) = (4.8) 

J99 



where 



^m) = ViP + Qiy + e-'^f , (4.9) 

bIm) and Bjul are the NSNS and the RR second-rank antisymmetric tensors, respectively, 
jp_0 is the metric in type IIB supergravity, I — Cgio/Gioio — Ag and 

Then, plugging these equations into eq.(4.6), the ^^-order part of the action in eq.(4.3) 
is reduced to [12] 



7 diX'^djJCjf.o - e^'diX'^djjrB 



(pg) 

(lu 



(4.11) 

We regard as the 11th direction, therefore the type llA string tension Tg is given by 



2tiLiT I V Gioio [8] since the eleven-dimensional metric Gmn is converted to the type llA 
metric gjxu by the relation Gp,i, = gp,^ / VGioio • Furthermore, putting the background fields 
{/,</?} to be the asymptotic constant values {lo,(po}, respectively and hence e'^° — 51™, 
we have 



i2Eq.(4.8) leads to 

{pq) 



4, = A(^^)4^,«) , ^9 = -A^M)Br ■ (4-7) 



where Tpq is the tension of a (p, q')-string in type IIB superstring theory [8] . We can see 
that both the NSNS and the RR antisymmetric tensors have coupled to in eq.(4.11), 
which imphes that the reduced action (4.11) is, in fact, that of (p, g)-strings. Note that Wi 
is just the number of copies of the resulting (p, g)-string. If we allow q to be zero and take 
{p,q,r,s) = (1,0,0, 1), we have the fundamental strings in type IIB superstring theory 
On the other hand, (p,q,r,s) — (0, 1, 1,0) leads to the strings which couple minimally 
with the RR B-field, i.e., the D-strings. 



4.2 ^^-order action 

We next proceed to consider the ^^-order terms in eq.(4.5), 

Q'u = Q 



IJiv '^9yy i'^{fi\y\Piy)y 9{iJ.\y\Qiy)y) 9yy Qyyi^fj,y^i^y QnyQi^y) : 



~ 9yy ( Pfiy 9yy Qyy^f^y) ) Qm ~ 9yy Qyy ) 



Pfj.u = PfJ-i^ ~ '^9yy i^^[fi\y\Qu]y + P[n\y\9i^]y + 9yy Q2/J/^[/i|2/|^H2/) ) 
^1X9 ~ 9yy iQm ~ 9yy QyyQfiy) ' 

— + 9yy{^m^jy — Gjygfiy) , 

~ ■^J> 9yy{^mGjy ~ ^jy9m) > 



^7-9 = -9yyB 



09 

— ~9yy Gjy ■ 



yy "^Jy 
yy ^iy ■ 



(4.13) 



We shall plug eq.(3.47) into eq.(4.13) and rewrite them by using the type IIB superstring 
variables. Note that Q^ui P/^u, etc. include the vielbein e^, which is transformed under 
T-dual according to eq.(4.8), and hence we need the T-dual transformation rule of e^. 
In fact, eq.(4.8) can be written by 



jf.o = {Q-')t9^^CQ~'yi>, J 



where 



A-l/2 



9i^y 



Afj^y \ 



9yy 
9yy 



A 



1/2 



V 

9yy 



I 



( 



A 



1/2 



^(pg)j99 
J9n ^9fi \ 



(4.14) 



J99 

V ^S)^9"9 / 

Thus we can take the transformation rules for the vielbeins as follows [17], 



(4.15) 



(4.16) 



e/ = e/(Q)/, e/ = e/(g- 



(4.17) 



We shall rewrite the 4-form and 3- form field strengths in eq.(3.42) and the 2- form 
field strength in (3.46). Since we have 

'[-^/ii'pj' = {P fiupz} {P pvpzi P p,vyz\ {Hj^i/p, H pyy^ , (4.18) 



the 4-form and 3-form field strengths with the tangent indices become 
and similarly, the 2-form field strength of in eq.(3.46) is given by 



(4.19) 



(4.20) 



where 



6«) = pB«+jBg, 



_ on l(-'JP) 



P.p 3%6V:-^ - 3%6,^ , 



Note that J^^) is selfdual (/(s) = */(5)) 



d-qp)i{pq) 

^up "af] 



/-,(- f) dm) 



p(5) _ ^(5) 



'f''^'''''''^' 5! V-det(j^,) 
Consequently, we have 

prif2r3f4f5 j-{5) _ iQ /-(S) pr-ir2r-3r-49p 



(4.21) 



(4.22) 



PA1A2A3A4A5 ^ 



(5) 

A1A2A3A49 



J9A5 = (ri'-^^3'^^% + 8e9'-^e9.ri'^^'^3^9r_ + 2e/e9.5r"'''''''''''r_ 

(4.23) 



2e9'e9,r^i''2'^3'^^¥_)/^ 



(5) 



where the index 9 stands for the ninth-direction of the tangent space. In the above we 
have used the relations below, 



p,vpcr 



A 



4^d[ij,A^p^] , 
3 



piyp 



p.vpy 



D. 



9iiup 



+ 



iXM) il-qp) I 
'^9[m '^M ^ 



J99 



— 4:d[lJ,Ai,py] — 3d[fj,Aiyp]y , A^iyy — t^fj^j^^ + 



J99 



pvp 



H, 



K 

Ay 



puyz 



Hyz 



pv 

_39p 
J99 



J99 



ui-QP) , luiPQ) 
"9/i ^ '''^9p 1 

I (= Gyz/G,;) = A-y (pZ - q){ql+P) +pge-^n 



(4.24) 
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We have assumed that the backgrounds are independent of both and X in (4.1) 



Note that in the case of = (1,0), hf^^ is reduced to the ordinary type IIB NSNS 



2-from B^}} and A(pg) = A(io) = 1. 



si 



The spin connection is rewritten by 

-1/2 



- A^f e[^^(ry|] - 2j9Ve9ief )9.A(^^) . (4.25) 
The gamma matrices with the target space indices of the dual space are defined by 

r = re/, = e/r, = , (4.26) 

and eq.(4.17) leads to 

f = re/ = A^^f re/ = A^^f r . (4.27) 

Similarly to the rescaling in the course of the double dimensional reduction in the pre- 
vious section, the spinors 6± are rescaled by A^^^^ to maintain the canonical form of the 
supersymmetry transformation under T-dual. In fact, we shall define the spinors 61^2 in 
type IIB superstring theory as 

^i = A--^fOA, ^2 = A^^f^_, (4.28) 

where 

Q, = ^r^°r,, (nl^-i) (4.29) 



and hence 

e, = -9^n^Al^^\ 92 = 9.A^. (4.30) 

Note that 6'i,2 satisfy 

r_e^^0^, r+e^ = ^^r_ = o. (e = i,2) (4.31) 

One comment is in order: The (4.29) can be written by 

n^ = ^ = r'Ty , (4.32) 



J99 ^/ 9yy 

which is because eq.(4.17) leads to Jgg^'^eg^ = gyy^'^Gy . 

Now that we shall give Q' ,P' ,Q' ,B' in (4.13) by the type IIB variables. With the 
tangent space variables, 

QA^ = e/e/g;,, Pl^^efeiPL, = ' ^A = ^/ ' (4-33) 

eq.(4.13) becomes 

= AV2|^^.,__^-ie9,e/(% + 6;,-,)}. (4.34) 



Then we have 

+ !^ 5^C^-^r(,r|fe|^c^,f + 2^A(^^)J9V^"l^™(f^le,f e/9^e/ , (4.35) 
p' _ p{i) p{3) p(5) ^ x^Cfl r "^fl A^pg) I ^^(p^) ^iCo Fr r, / , 

+ s«^^5r,M^^ce"'5^^(M) + 22A(^,-)j99i^iri,,[,^ie,f e/a^e/ , (4.36) 

g'^, = i/\i^p^-)5^<e^Vfd,e^ zA(^^)a,X^9l,'e/a,,e/^"ir,ao^i , (4.37) 
B'^f = iA(p^)S«^^^r,a/c - ^A(p^)a,X'^j99^e/a^e/^ir,ii,^i . (4.38) 

where C = 1, 2 and s^^ = -5^2 = 1, ^12 ^^21^0 (cf. (4.21)),^^ 




' e^(")^ir(,r--^"r,)^2/ff.,„, (n = i,3) 
e'^w^ir(,r--"r,)^2/i:!.. , (n = 5) 



.e-(«)^-,r[,r--r.i^, (n=i,3) 

= <! (4.39) 

.e'^(")^"ir[,r--^"r,]^^2/i:.l,„, (n = 5) 

(/?(n) is a "coupling parameter" given by 

T — Tl 

^{n) = + log A(ji^) , (4.40) 

and uj/* is the spin connection in type IIB theory in ten dimensions. Note that </^(n) and 
hf^l are reduced to the type IIB dilaton and the field strength of the NSNS 2-form field, 
respectively, in the case of (p, g) = (1,0), or the fundamental string. 
Then, the 6'^-order part of (4.3) is given by 

//'27r 

I e^^s^%X%X%T,/9^d^A^^)]] , (4.41) 



+ - e^'s^'^d.X^X'e^Tf^/e^dpA^p^) 



where 



D,^di + ^diX!'u;f%s- (4.42) 



^^The extra factor 1/2 for n = 5 is due to the self-duality. 



As is noted in Ref.[6], the derivative for chiral spinor appears only in the covariant 
derivative. Note that in the case of {p,q) = (1,0), or fundamental string, the resulting 
action (4.41) is reduced to the one in Ref.[6]. In that case we can see that the fundamental 
string couples with the RR 1-, 3- and 5- form fields with strength e'''. In the case of 
(P; q) = (0, 1); or D-string, the strengths of the couphng with the RR 1-, 3- and 5-form 
field strengths are given by e"^"^, e""^, 1, respectively. Putting (4.11) and (4.41) together, 
we have explicitly the Green-Schwarz type (p, gf)-string action of order up to quadratic in 
9 in type IIB superstring 



Sddr — 



27rT 



2-rr 



da^ Cpg A(^^) 



77*^ diX'^djJCj^o - e^'diX^d^JCB^ 



(pi) 



jj,v 



+ 



+ 



(pq) 



Ml) 



M5) 



'Ml 



— 9^^■~^'^'^''^'^^^■~9of 



(3) 



+ I e^'s^%X%X%r^J9cd^A^^)] 



(4.43) 



Finally in this subsection, we also give the action (4.3) in Nambu-Goto form up to 
quadratic in 9 by integrating out the worldsheet metric jij in (4.3), or in (4.43) (cf. 
Appendix E) 



Sddr = SttT 



ipg) 



'2iV^jf9P^+)LiVj9 



(AAA) 



where 



V, 



J 

Jij 



di + -diX!^u;f'rrs, 
D,-ia^(inA(^^))rr, + -^ 



+ -[^a2 
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3! 



1 



2-5! 

detj,,-, V^^diX^Vi,, 
diX%2rjf,, , Blf = di)&d,X!'B^'^ 



M1M2M3 



Jpl) 

''iOp 



[ivp 



(4.45) 
(4.46) 



(4.47) 

(4.48) 
(4.49) 



C{i,2,3} are Pauli matrices and 



9 = o=(^;) 



(4.50) 



4.3 Fermionic symmetry 

First, we show that the (p, g)-string action (4.44) has the K-symmetry which is really 
inherited from the ^-symmetry in the supermembrane (2.5). In fact, we shall analyse the 
K-symmctry of (4.1) along the argument in [18]. Since (4.1) is equivalent to (3.28) when 
e^^diSj = and (3.28) is invariant under the ^-transformation (3.33), the variation of 
(4.1) under the ^-transformation should be proportional to e^^diEj , 



= 27rTjd''aCpge'^diEj{ie(r''A^y-ryr^'')(l + rF)K + 5,X^}, (4.51) 

where 

e = e+ + e-, k^k+ + k-. (4.52) 

Thus, X^ should be transformed as 

5^x^ = -ieiVA^y - TyT^^)(i + rF)K = -ieM(i + rF)K . (4.53) 

We shall rewrite cq.(4.53) with the dual variables, or the (p, g)-string fields and the 
supergravity background fields. Since the spinors are converted as in eq.(4.28), we shall 
write in the matrix form (4.50). Then, we have^^ (cf. Appendix F) 

..1/2 -J-^xm^ + ^F)n^ -n,M(i + r^)\ 
\^ M(i + r^^)Q^ M(i + r^^) J 

~ \ i + r^y 
= -i^r^ M - \ ^ ^ -ier^(i _ r„B)/^' , (4.55) 



i + r 



B 



where 



72 



1 1 



1^2 J (l-Jgg/Wig) 



\ V V^V399 ) 



Ki 



B = -^ e'Ti,r^o , r„B = ® , 




2y=J^ ^-'^ 
and we have used the following relations, 

m(= F'^4,-F,F^o) = A^^f(r9 + 2j,-^/XF+), (4.58) 



^^In rewriting the relations with the dual variables we have used the relation (cf. (4.2)) 



^xll' = r'n^ + 2j-,'/'r'\ (4.59) 
(i + r^)r_ = (i + r^)- — ^^'f^ r_, (4.60) 

1 - J J99 Jk9jl9 

I _ C"'"jn9r^.f^x 



(i-Q,r^Q,)r_ = (i-r^)- — JT" r_. (4.6i) 

We also calculate d^X'' (= ^kZ^'") to get 



-r^(i + rf)Q^ r^(i + rF) y V«2 
= -i^r^(i-r„B)«', (4.62) 

where the following relations have been used, 

^^1^^ = ™^, r^ = A^^fr- (4.63) 
The ^-transformations of the fermionic coordinates are given by 

s.e^ = 5«(A-^/Xe+) = (i-Q^rfQj«i + o(0, 

= <5,(A-/./'^^_) = (l + r^)/€2-i5,(lnA(^,~))^2 = (l + rF)/€2 + 0(^2)^ (4_g4) 

and hence we arrive at the conclusion that the {p, g)-string action (4.44) is invariant under 
the ^-transformation, which is really inherited from that of the supermembrane 

= (1 - r„B)/^' , 5,xf^ = -ierf'ii - FubW , s,^,g = s^xi'a^^.g . (4.65) 

Next, we consider the SUSY transformation. Similarly, the variation of (4.1) under 
the SUSY transformation should be proportional to e'^WiEj and it is calculated as (cf. 
eq.(3.35)) 

SeSMr = -^tttI rfV Cpg e'^ diEj {6eX''A^y + ieTyT'^.e - 5,X^) 

= 27iT J (fa Cpq e'^diEj {iOiVA^y - rj,r^°)e + S,X^} , (4.66) 

and hence 

-nAi:' + 2j^9^'^^r^}n^ Wei 

= -ierh^ieV^e. (4.67) 
We also have 

SeX^' = i(e+ + e_)r^(^+ + e.)=i (ei 62) J ■ (4.68) 



= -i {ei h) 



9. 



2 



Thus, the (p, g)-string action (4.44) is invariant under the following SUSY transformation, 
which is inherited from the superdiffeomorphism in the supermembrane action, 

5,6^6, 5,X!^ ^ ieTf^e , S.^bg ^ S,X%^bg ■ (4.69) 



5 Summary and discussion 



In this paper we have exphcitly derived the (p, g)-string action of the Green-Schwarz 
type from the supermembrane action up to quadratic order in the anti-commuting su- 
percoordinate in the bosonic curved background. We have also shown that both the 
K-symmetry and the supersymmctry in the (p, g) -string action are really inherited from 
the K-symmetry and the (super) diffeomorphism in the supermembrane action, respec- 
tively. In fact, we have first studied the double dimensional reduction of the wrapped 
supermembrane compactified on a 2-torus up to quadratic order of the anti-commuting 
coordinate. Next, we applied the T-dual transformation and explicitly derived the type 
IIB Green-Schwarz superstring action for the (p, g)-string in eq.(4.44).^^ This indicates 
that the supermembrane actually includes a {p, g)-string as an excitation mode or object. 
The (l,0)-string (F-string) is, of course, a fundamental mode in the weak coupling region 
51™ -C 1, while the (0,l)-string (D-string) in the strong coupling region ^f™ ^ 1 for 
I — 0. However, the valid region to treat the (p, g')-string perturbatively is still obscure 
and it is deserved to be investigated further.^® 

In this paper we have considered classically to approach the boundary of vanishing 
cycles of the 2-torus with the wrapped supermembrane. On the other hand, Rcfs.[23, 24] 
studied quantum mechanical justification of the double dimensional reduction in Rcf.[2]. 
In those references, the Kaluza-Klein modes associated with the cr^-coordinate were not 
removed classically, but they were integrated in the path integral formulation of the 
wrapped supermembrane theory. Similar quantum mechanical investigation of the double 
dimensional reduction adopted in this paper deserves to be investigated. 

Acknowledgments: This work is supported in part by MEXT Grant-in-Aid for the 
Scientific Research #20540249 (S.U.). 



A Notation 

lid super spacetime indices: 

M = (M,a), 
M,N,P,Q = 0,1, •••,8,9, 10, 

a,/3,7 = 1,2,^^^,32. (A.l) 

lid tangent superspace indices: 

A = {A, a), 
A,B,C = 0,1, •••,8,9, 10, 

a,b,c = 1,2, •••,32. (A.2) 

lid rotated spacetime indices: 

M,N,P,Q = 0,l,---,8,y,z. (A.3) 



^*'Thc procedure of the double dimensional reduction here was realized on the bosonic sector of the 
matrix-regularized wrapped supermembrane on MP x [19] relying on the technique given in [20, 21, 22]. 

^''In the case of {p, q) = (1, 0), or the fundamental string, the resulting action is reduced to the one in 
[6]. 

^*0f course, a BPS saturated classical solution of the {p, (7)-string action (4.44) is valid irrespective of 
the value of the string coupling g™. 



lOd spacetime and tangent space indices: 



/i,z> = 0,l,---,8,9, 
r,s = 0,1, ••-,8, 9. 



lOd rotated super spacetime indices: 



rh — (/i, a) , 
jd,!) = 0,1, •••,8,7/. 



9d spacetime and tangent space indices: 



= 0,1, •••8; 
r,s = 0,1, •••8. 



The worldvolume and worldsheet indices: 



ij,k = 0,1,2, 
i,j,k = 0,1. 



target space metrics: 



G — lid target space metric, 

G — lid rotated target space metric , 

g = lOd IIA target space metric , 

g = lOd IIA rotated target space metric , 

J = lOd IIB target space metric . 



Worldvolume and worldsheet metrics: 



7 = membrane worldvolume metric , 
7 = string worldsheet metric . 



(Anti-)symmetrization r.w.t. indices: 



Ai^B^Cp] = —{A^B„Cp + A„BpCn + ApBij,Ci, 

~-^fiB pCy — ApBijCp, — AyBpCp) , 
^[M-B|i/|Cp] = -{Ap^ByCp- ApB^Cp) , 

A^^B^) = l {A^B^ + A^B^,) , etc. . 



B Bispinor formula 

The charge conjugate matrix C satisfies 



or 

c«^(r^rrC-^ = -(r^)^„, c^p^-Cp^. (b.2) 

Eq.(B.l) leads to 

eVA.A.-Ar^i^ = {-lT-^i^VA,A,-Aj . (B.3) 

where 6 and are 32-component Majorana spinor in eleven dimensions and 

e = i'ec = i'er°. {e^ = ie^Cp^) (b.4) 

Note that for n = 0, 3, 4, 7, 8 and n — 1,2, 5, 6, 9, 10, the bispinor products eq.(B.3) are 
symmetric and antisymmetric, respectively and 

. j -(XA,A2-A„)pa, (n = 0,3,4,7,8) 

( {^AiA2-Aj0a , {n=l, 2, 5, 6, 9, 10) 

where the spinor indices are lowered and raised by C 

M^p = C^^M-^p, (B.6) 

M"^ = M"^C^^, (B.7) 

Mj = C^^M^^C"^^. (B.8) 

In particular we have 

iXXp = (r-^)/3. . (B.9) 

Putting 6* = ^ in eq.(B.3) we have the identity 

^pAiA2...A„^ ^ Q (71=1,2,5,6,9,10) (B.IO) 
For the chiral-projected spinors il'±,9± (of. cq.(3.49)), cq.(B.l) leads to 

i^±rA,A,-Aj± = 0, (nG2N) 

ij±rA,A,-Aj^ = 0, (ne2N+l) (B.ll) 



and from eqs.(B.3) and (B.ll) we have 

O+l^AiAi-A^fp- = 



^^Ta,a,-aJ+, (n = 0,4,8) 
-ilj-TA,A2-Aj+ , {n^2, 6, 10) 



nr I J -^+^a,a,-aJ+, {n^ 1,5,9) 

9+Ta,a,-a„^+ = S t p . for,. (B-12) 

'ip+rA,A2-Aj+ ■ [n^S, 7) 

We also write down some useful formulas for the F matrices 

i 

i 

i 

F,,F^^-^" = r,/i^2-^„^2 J](-l)^4T,p-^^-^" 

i 

+ 2 J](-l)*+^(5p(5jF ^i-^V-4-^n_ (B_i3) 



i<j 



C lid vs. lOd background fields 

The 11- dimensional metric can be written by 



G 



MN 



e 3^ 



G 



(C.l) 



and the third-rank and forth-rank antisymmetric tensors Amnp, Fmnpq are decomposed 



as 



{Amnp} — {A^i^p, A^,^iq, An^^g, A^gio} — {C^j^i^p, Bn^, C^uq, B^g} , 
{Fmnpq} — {Fp,i>pa, -^/i'^pio} — {Ffiopa, Hf^0^} — {49[jaC,>po-] , 39^-B,>^] } 
Those fields are related to those in type IIB theory as 



999 
Cnv9 



39ti39u - -Pq^ -Pq,/ 
399 



(1) 

9// 



399 
1 

J99 ' 
5(2) + 



'^Bfl3v]9 



399 



9iJ,vp 



+ 



{H^S + M^)-(i-2)}, 



Bfxv — 



B, 



9m 



A, = 
Ag = 



J99 ' 



2^9?>^]9 
J99 







C.l Metric in the rotated coordinate 

On the other hand, the 9-10 rotated metric is given by (M, = 0, 1, • 



^MN — GmN 



9yy "I" Q GfyzGyz Gyz 



— 9yv ~l~ 7^ GyzGi, 



2/2 



(C.2) 
(C.3) 



(C.4) 

(C.5) 
(C.6) 

(C.7) 

(C.8) 

(C.9) 

(C.IO) 

(C.ll) 
(C.12) 

(C.13) 



(C.14) 



Thus, we have 



G,, = q'G,, + 2pqG,,o+p'G,oio = e^^/'j,,'^'{{p + qlf + e-'''f}, (C.15) 



Gyy — e 



Furthermore, 



Guy — pG fj,Q — q G^io — ~7^= 9fj,y + 7; — G^zGyz , 



Vg, 



G. 



and hence 



9fiy — 



Vg', 



G/xyGzz G^zGyz 



B. 



(pq) 

9/i 



J99 



where, as they are given in (4.9) and (4.10), 
Similarly, we have 



9yy 



Ql,^ = A(j5g) I J^v h 

^ J99 



. . d(P9)d(P9), 
J9;ij9i/ -09// -"91/ 



Note that 



G 



= A 
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1010 



D IIA action (3.50) 

First, the ^°-order part of (3.28) is given by 

Sddr\eo — SttT J(faCp, 
Next, we shall calculate the ^^-order part of (3.28). Due to 

we have 



Q 
Q 



(2) 



(4) 



4 • n\ 

i 



,(2) 



p{4) ^ 



4 ■ n! 

i 

4-n! 



4 • n! 



r-4 



(C.16) 
(C.17) 

(C.18) 
(C.19) 

(C.20) 

(C.21) 
(C.22) 

(C.23) 



(D.l) 



(D.2) 



(D.3) 



Then, the ^^-order part of (3.28) is calculated as follows, 



Orfrfr fl2 — — - — a a u. 



2 

27rr 



pq 



pq 



2mT J d'^aCp^ei^f^-g'^ - e'^T^^)TiVje 



-2mT 



CpnV-9~9''0[^ 



-9 



where 



V. ^ O 



(D.4) 



= A e^V^'V.V^^Frs , 

' 16 ^ '^'8-4! 



(D.5) 



E IIB action (4.44) 



Note that 



— ^2rsr"i-""r^ . (n = i, 3, 5) 



(E.l) 



Then, the ^^^-order part of the action (4.41) is calculated in the matrix form (cf. (4.50)) 
as follows. 



'ddr 1^2 



-2tiiT d'^aC, 



-'pq 



(1) 



4-3! 



^{(71^ 



+ ^<72 ® 6^^} r,F^'^^'^T/4'U3 



8-5! 



(5) 



■3 •> fil—HS 



2 

-2mT 



pq 



A(p^)e"(v^/ + <J3 e'^)r,D.e 



1 r 1 



+ 2 1 4 + '^^ ® '''^^'^^ ® r,r^'^)^/i. 



(pq) 



e^(3) ... (3) 



4-3! I - yv^i-^— I— — ^^1^2/43 



where 



^(+) 



4 0^()3<j) 

and use has been made of the relations 



F K, parameters (4.55) 

Let A' and Y±j be 



(3) 



-9 ^ V-5 

Note that 7^.^- satisfies 

and also 
Then, we have 



Ai^,k „,l n A3^M ^,1 c -1- Y ; ; Aj^,k .1 ^kj^l Jl.,k 

e l±fi±i = , e ■^7±i7^j = 5 , e '7-i7+j = e -^7+^ = e 7.^ 



r,(7;.r_ + 7i^.r+)p = (i + r^)«:, 



or 

r,7i^.A4 = (i + r^^)«±. (Ai = r±AO 



We should note that the projection 7^,^ can be written, up to the equations of motion of 
the auxihary variables, by 



Since Sj in eq.(4.2) can be calculated as 



+ A(p^) {d,Xf^j9f. - B^f d,X!^) + 0(9') , (F.7) 

we have 

r, = d,x%'rr = a;/J) (y_,r, - ^:,p^rp^) , (f.s) 

where use has been made of Sj ~ ^jX^. And then, 

r^(7;/- + 7l/+)A^' = A;£)(7l,r,r+ - jlp^T^+n^)x^ . (f.9) 

Due to (F.8) A' is rewritten by 

- ^ Atfl)(7-.-r, - 7:,^^xr,^^x)r^°« , (f.io) 

and hence 

7^.A^ - 7U/^°^ , 7i.A^ = 7i.^^xr,^^xr^V ■ (F.ll) 
Now that we shall evaluate e^^Tij. We have 



6^^r,, = A(,,)6^^r,^. (1 + ^'^'Ti!7+^-^'^ {£,9 + + r^r^o)}) , (F.12) 

V \/ — 77qq / 



2e^^ 7-i7+j.7 ;9 
where 

J^9 = 9,XAj^9, Li9 = diX%,. (F.13) 
Up to the equations of motion of the auxiliary variables, we also have 

~9ij = ^m) Jij (1 - f dkX.f^diX!' ^-^) + 0{e') . (f.i4) 

^ J99 ^ 

Thus, (3.34) is written by (cf. (F.12)) 

Ff^FbJ, (F.15) 

where 

Now that we shall calculate the projection, 

1 + Fr 1 - Fr 

l + rF^—-^(l + J) + ^-^(l-J). (F.17) 



First of all, we have 



1 - J = ; , + O{0') , (F.18) 

^ \/-Jj99(l - rim Jk9jl9) 



where use has been made of (F.3) and 

7i,(l + TbT^'X^ = 7^(1 - ^bT^'X, = . (F.19) 

Thus we have 

(i + rBri°)(i- J) = 0, (F.20) 

and (F.17) leads to 

(1 + Tf)T_ = (1 + J)r_ . (F.21) 

In addition, we have 

(1 - n^Tp^x)'^- = {1 - ^x^bT^^^x - ^x(l - ^)^x}r- ■ (F.22) 

Since we have 

n^TBT^'n^ = -r^r^o + ^£^r,ri°(^^ , (F.23) 



(F.24) 



we obtain 



1 - o^r^ojr. = (1 - r^) - — r_ , (F.25) 

1 - r^lao IkQllQ 



3 399 3k9jl9 

where use has been made of (F.19) and 



~3y/399{'^- 3^^399 3k9jl9) 



-P^ 7 ^ + p_i_J:|^rii\^ (F.26) 



where 



1 _|_ p plO 

P±^ (a=£±, Z±£^ = 0) (F.27) 

That is, eqs.(F.21) and (F.25) lead to eq.(4.55). 
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